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1. Introduction
Determinants and permanents of (0, 1) circulantmatrices have been recently the subject of several
works, in view of their relation with algebraic combinatorics. In particular, formulas are presently
known (see [4]) which give a direct way to calculate in O(n2) time the determinant of any n × n
circulant matrix with entries in C; in fact such time reduces to O(n) when the number of nonzero
entries in each row is bounded above by a constant. In view of formulas proved in [2], such properties
of determinants of circulants allowcomputing inO(n) time thepermanent of anyn × n (0, 1) circulant
matrix with three 1’s per row (while for generic n × n matrices, with a limited number of nonzero
entriesper row,butnot circulant, presently the computationofpermanents requires, in general,O(n2n)
cost [6,3]).
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Recently determinants and permanents of circulants have been analyzed from both quantitative
and qualitative viewpoints. First, one can ﬁnd in [1,5] a study on a speciﬁc enumeration problem for
the set of values taken by permanents of (0, 1) circulants of ﬁxed order n. Successively a discussion is
provided in [7,8] on constraining congruences (modulo speciﬁc primes p) for the values of such class
of permanents; we remark that in fact some of utilized methods are also appliable to the study of
properties of the corresponding determinants. In particular, the arguments in [8] make use (together
with results in [4]) of some simple classical theory on ﬁnite ﬁelds with characteristic 2.
In thisworkwe generalize the approach of [8], resorting to theory on ﬁnite ﬁeldswith characteristic
p, p being a generic prime. In this way we obtain interesting results on the frequency with which ﬁxed
primes p occur as factors of determinants of circulants M of ﬁxed order n (where p/|n) with entries in
Z. In general, a crucial role is played by the period t of p in the multiplicative group Z∗n : the smaller t,
the greater the frequency of p as a divisor of Det(M)’s. In particular, for n large we see that the most
frequent large primes, which appear as factors of Det(M)’s, are the primes p in O(n) satisfying p ≡ 1
(mod n).
2. Preliminaries and recent results
Let Σn be the set of permutations of Zn (or, equivalently, of permutations of the ﬁrst n positive
integers). The permanent of an n × n matrix A = (ai, j) is the number Per(A) .= ∑σ∈Σn ∏ni=1 ai,σ(i),
while the determinant is Det(A)
.= ∑σ∈Σn(−1)|σ |∏ni=1 ai,σ(i) (|σ | denoting the parity of σ ).
For any n 1, In is the n × n identity matrix and Pn is the n × n circulant (0, 1) matrix with the
only 1’s in positions (n, 1) and (i, i + 1), i = 1, 2, . . . , n − 1. Any n × n circulant matrix with integer
entries can be expressed in the form z1P
i1
n + z2Pi2n + · · · + zkPikn with 0 i1 < i2 < · · · < ik  n − 1
and z1, z2, . . . , zk ∈ Z\{0}. We use the symbolMn to denote the set of n × n circulant matrices with
entries in Z.
A general expression for determinants of circulants A ∈ Mn (n ∈ N) is presently known (see [4]).
If A = z0In + z1Pn + · · · + zn−1Pn−1n is any circulant matrix (with z0, z1, . . . , zn−1 arbitrary integer
constants) of ﬁxed order nwith entries in Z, we have
Det(A) =
n−1∏
j=0
⎛
⎝n−1∑
k=0
zkω
jk
n
⎞
⎠ , (1)
where ωn = e2π i/n ∈ C. In the particular case A is a (0, 1) circulant, A can be written in the form
Pi1n + Pi2n + · · · + Pikn (with 0 i1 < i2 < · · · < ik  n − 1) and Eq. (1) becomes
Det(A) =
n−1∏
r=0
(ωri1n + ωri2n + · · · + ωrikn ). (2)
In [8] Eq. (2) is used to study the parity of the values Per(A) (or equivalently of the values Det(A)) for
A ranging over the set of (0, 1) circulants of ﬁxed odd order n. In particular, in the approach of [8] the
entries of thematrix A are considered as elements of the ﬁeld Z2, and the product at the right hand side
of (2) is treated as an expression in the ﬁeld Z2(ωn), where ωn is a primitive nth root of unity over Z2.
3. On prime factors of Det(M) (M ∈ Mn)
Let us ﬁx n ∈ N and let M be a generic matrix in Mn, written in the form z0In + z1Pn + · · · +
zn−1Pn−1n with z0, z1, . . . , zn−1 ∈ Z. For a ﬁxed prime p such that p/|n, generalizing the methods of
[8], we study the divisibility of Det(M) by p (via Eq. (1)) by considering M as a matrix with entries in
the ﬁeld Zp of integers modulo p. In this case, the expression at the right hand side of (1) has to be
treated as a product in the ﬁnite extension Zp(ωn) of Zp, where ωn is any ﬁxed primitive nth root of 1
over Zp. The degree t of such extension is the period of the Frobenius automorphism of Zp(ωn), and
thus t is the minimum positive integer such that pt ≡ 1 (mod n).
Let Zp[x] be the ring of polynomials with coefﬁcients in Zp. A simple analysis of the right hand side
of (1) shows that in Zp(ωn) its value is 0 if and only if some nth root (not necessarily primitive) of
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1 over Zp is also a root of the polynomial z0 + z1x + · · · + zn−1xn−1. The following theorem is then
derived.
Theorem 1. Let n and p be ﬁxed in N, with p prime and p/|n; let M = z0In + z1Pn + · · · + zn−1Pn−1n ,
with z0, z1, . . . , zn−1 ∈ Z. The value Det(M) is divisible by p if and only if in Zp[x] we have gcd(z0 +
z1x + · · · + zn−1xn−1, xn − 1) /= c (c ∈ Z∗p).
Remark 1. If n, p, M are ﬁxed as in Theorem 1, then when p|(z0 + z1 + · · · + zn−1) we always have
p|Det(M), while when p/|(z0 + z1 + · · · + zn−1) the condition p|Det(M) is equivalent to gcd(z0 +
z1x + · · · + zn−1xn−1, 1 + x + · · · + xn−1) /= c in Zp[x] (c ∈ Z∗p ).
3.1. The case n prime
We want to analyze the special case in which n is a prime. An immediate consequence of Remark
1 is the following theorem.
Theorem 2. Let n and p be distinct primes such that the residue class p (mod n) generates the whole
group Z∗n . Then for any circulant M = z0In + z1Pn + · · · + zn−1Pn−1n ∈ Mn the condition p|Det(M) is
satisﬁed if and only if either p|(z0 + z1 + · · · + zn−1) or z0 ≡ z1 ≡ · · · ≡ zn−1 (mod p).
In the rest of thepaperwecanassume (withnotationas in theprevious theorems) thatp/|(z0 + z1 +· · · + zn−1): under this hypothesis, Theorem 2 shows that, in case of p generator of Z∗n (with n prime),
the divisibility of Det(M) by p occurs only when the matrixM0, with entries in Zp and corresponding
toM, has a trivial form (i.e. all its entries have the same value).
Assuming n and p prime with p /= n, let us denote byM′n, p the set of circulantsM ∈ Mn such that
p/|s, s being the sum of the entries in any ﬁxed row ofM. Contrary to the case in which the period t of
p in Z∗n is n − 1, we shall ﬁnd a formula (Theorem 3 below) which shows that, when p is small and has
a low period in Z∗n , there exists a non-small probability, for a randomM ∈ M′n, p, to satisfy p|Det(M).
Moreover we shall see that, for large values of p and n with p ∈ O(n), when t = 1 the relation
p|Det(M)occurswith a very signiﬁcant frequency forM ranging inM′n, p. In the special casep = 2n + 1,
such frequency tends asymptotically (for n → ∞) to 1 − 1/√e.
Nevertheless, we shall also see that when t is not small the frequency (for M ranging in M′n, p) of
the relation p|Det(M) is quite low; in particular (for n → ∞) such relation occurs very rarely when
t = (n − 1)/c, c denoting a constant independent of n.
Weﬁrst give a general formula,n, pbeing distinct primes, for the frequency ofp|Det(M) asM ranges
inM′n, p.
Theorem 3. Let n and p be distinct primes; let t denote the period of p in Z∗n . The probability that the
determinant of a random matrix in M′n, p is divisible by p is equal to
1 −
(
1 − 1/pt
)(n−1)/t
.
Proof. SetM = z0In + z1Pn + · · · + zn−1Pn−1n , with z0, z1, . . . , zn−1 random integers such thatM ∈
M′n, p; consider the zi’s as elements of Zp. Let f (x) = z0 + z1x + · · · + zn−1xn−1 ∈ Zp[x]; let ωn be a
primitive nth root of unity over Zp. Since [Zp(ωn) : Zp] = t, in Zp[x] the polynomial xn−1 + xn−2 +· · · + x + 1 is theproductof (n − 1)/t distinct irreducible factorsofdegree t, sayg1(x), . . . , g(n−1)/t(x).
SinceM ∈ M′n, p, f (x) isnotdivisiblebyx − 1;moreover, foreach iwith1 i(n − 1)/t, theprobability
that f (x) is divisible by gi(x) is exactly 1/p
t . Hence theprobability that the relation gcd(f (x), xn − 1) =
c ∈ Z∗p is satisﬁed, is exactly (1 − 1/pt)(n−1)/t . By Theorem 1, this is the probability that p|Det(M)
does not hold. 
G. Sburlati / Linear Algebra and its Applications 432 (2010) 100–106 103
Remark 2. With notation as in Theorem 3, the latter result shows that in the general case the smaller
the period t, the more likely that the determinant ofM is divisible by p.
We can utilizemethods and notation in the proof of Theorem3 to obtain an explicit upper bound for
the probability that p divides the determinant of a matrix inM′n, p. We simply generalize the approach
used in [8] in the case p = 2. Set αp(n) = pt − 1; clearly n|αp(n) and nαp(n) pn−1 − 1 (observe
that n < αp(n) if p > 2). Since for each iwith 1 i(n − 1)/t the probability for gi(x) to divide f (x) is
1/pt , the probability for gcd(f (x), xn − 1) to be non-constant cannot exceed the value n−1
t·pt , and thus
the following proposition is derived.
Proposition 1. Let n, p and t be given as in Theorem 3, and setαp(n) = pt − 1. Then the probability Prn, p
of p|Det(M) (for M random matrix in M′n, p) satisﬁes
Prn, p 
n − 1
(αp(n) + 1) · logp(αp(n) + 1) .
In particular, for any choice of n and p we have the inequality (useful only for the case p < n) Prn, p <
1/ logp(n + 1). 
Theorem 4. Let k be a ﬁxed (even) positive integer. Consider two sequences of prime numbers, say (ni)i 1
and (pi)i 1, such that:
• limi→∞ ni = ∞;• for each i 1, the equality pi = kni + 1 holds.
Denote by Prni , pi the probability, after choosing a random matrix M in M
′
ni , pi
, of occurrence of the
relation pi|Det(M). Then we have limi→∞ Prni , pi = 1 − e−1/k.
Proof. In the hypotheses stated, from Theorem 3 (taking t = 1) we obtain (for each i 1) that, after
choosing a randomM inM′ni , pi , the probability that pi|Det(M) is not satisﬁed has value
(1 − 1/pi)
(
pi−1
k
−1
)
= (1 − 1/pi)
(
pi
k
− k+1
k
)
.
Since limi→∞ pi = ∞, we have
lim
i→∞(1 − 1/pi)
pi
k = e−1/k , lim
i→∞(1 − 1/pi)
k+1
k = 1.
Hence for i → ∞ the value 1 − Prni , pi tends to e−1/k . 
Theorem 4 has an important meaning. Fix a (reasonably not too great) constant c ∈ N, and restrict
the attention to the pairs (n, p) of distinct primes with p ≡ 1 (mod n) and for which the ratio k
of p − 1 to n satisﬁes k c. In fact Theorem 4 tells us that, for n and p sufﬁciently large, the relative
frequency of occurrence of the relation p|Det(M), forM ranging inM′n, p (and in fact even forM ranging
inMn), is approximately 1 − e−1/k .
As a particular case, consider a SophieGermain prime n, i.e. a prime n such that the integer 2n + 1 is
also prime. Taking p = 2n + 1 and applying the arguments above to the pair (n, p), we obtain that for
n and p large the frequency, for p|Det(M) asM ranges inM′n, p (resp. inMn), is approximately equal to
1 − 1/√e,which is a valuebetween0.393and0.394. In general thepairs (n, p),withnSophieGermain
prime and p = 2n + 1, represent the case in which we obtain the highest asymptotical probability of
the relation p|Det(M) forM ∈ M′n, p.
For the cases inwhich p ≡ 1 (mod n) and the ratio (p − 1)/n is large, the following theorem can
be proven in a way analogous to Theorem 4.
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Theorem 5. Let (ni)i 1 and (pi)i 1 be two sequences of prime numbers such that limi→∞pi = ∞.
Assume that pi ≡ 1 (mod ni) for every i; for each i, let ki be the integer satisfying the equality pi =
kini + 1, and let Prni , pi be deﬁned as in Theorem 4. If limi→∞ ki = ∞, then limi→∞ Prni , pi = 0.
The following theorem shows that the pairs of distinct primes (n, p), with p large and p 	≡ 1
(mod n), always give values of Prn, p quite close to 0.
Theorem 6. Let (ni)i 1 and (pi)i 1 be two sequences of prime numbers such that ni /= pi for every i. For
each i, let ti be the period of the class pi (mod ni) in Z
∗
ni
, and let Prni , pi be deﬁned as in Theorem 4. If
limi→∞ pi = ∞, and ti > 1 for each i, then limi→∞ Prni , pi = 0.
Proof. For each i, let ki be the integer satisfying the equality p
ti
i = kini + 1. The condition ti > 1means
pi 	≡ 1 (mod ni), i.e. ni/|(pi − 1); since ni is prime and (pi − 1)|kini, we have (pi − 1)|ki. From this
we derive ki → ∞ for i → ∞. For any ﬁxed i, applying Theorem 3 to the pair (ni, pi) gives
1 − Prni , pi = (1 − 1/ptii )
1
ti
·
(
p
ti
i
−1
ki
−1
)
= (1 − 1/ptii )
p
ti
i
ki ti · (1 − 1/ptii )−
ki+1
kiti ,
where both factors (1 − 1/ptii )
p
ti
i
ki ti and (1 − 1/ptii )−
ki+1
kiti tend to 1 for i → ∞. 
In Theorem 2 we already saw that, when n, p are primes such that p generates the group Z∗n , the
relation p|Det(M)withM ∈ M′n, p can occur only when the projection on Zp of entries ofM generates a
matrix with all entries having the same value. Nowwe observe that, using arguments like in the proof
of Theorem 6, one can easily obtain another theorem, which shows that, for a ﬁxed large prime n, if p
is a sufﬁciently small prime then, for M ranging in M′n, p, the relative frequency for p|Det(M) is quite
close to 0.
Theorem 7. Let (ni)i 1 and (pi)i 1 be two sequences of prime numbers (where ni /= pi for all i’s),with
limi→∞ ni = ∞ and, for a ﬁxed positive constant c, pi  c for every i. For each i, deﬁnePrni , pi as in Theorem
4. Then limi→∞ Prni , pi = 0.
Proof. For each i, let ti and ki be deﬁned as in Theorem 6. Clearly we have ti  logpi(ni + 1) for every
i, which implies limi→∞ ti = ∞. To obtain the thesis, it is sufﬁcient to proceed similarly to the proof
of Theorem 6. 
Remark 3. Let (ni)i 1 and (pi)i 1 be two sequences of primes, with ni /= pi for every i; for each i,
deﬁne ti and Prni , pi as in the previous theorems. When, for a constant c independent of i, we have
ti = (ni − 1)/c for each i, the convergence to 0 of the values Prni , pi (for ni → ∞) is exponential (in
ni). (In particular if, for each i, pi is chosen as a generator of Z
∗
ni
, we know that Prni , pi = 1/pni−1i by
Theorem 2.) Thus in the case ti = (ni − 1)/c (for each i), there is no realistic hope (for ﬁxed i with
large ni) to obtain pi as a divisor of Det(M) by choosingM randomly inM
′
ni , pi
.
Supposenow(for each i)wehavebnαi < ti < cn
α
i (withb, c, α constants,b, c > 0and0 < α < 1);
in this case the convergence to 0 of Prni , pi (for ni → ∞) seems to be still signiﬁcantly quick, although
it is slower with respect to the case ti linear in ni.
3.2. The case n composite
For the sake of completeness, we brieﬂy analyze the case n composite. We ﬁrst recall the deﬁnition
of Euler’s arithmetic function ϕ:
∀ n ∈ N, ϕ(n) = |{i ∈ N : (1 i n) ∧ gcd(i, n) = 1}|
(equivalently, for each n the number ϕ(n) is the cardinality of the group Z∗n ).
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For generic prime p with p/|n, assume the symbols M′n, p and Prn, p have the same meaning as in
Section 3.1. For each divisor d > 1 of n, let td denote the period of p in the group Z
∗
d . It is clear that
for d1, d2 > 1 with d1|d2|n we have td1 |td2 . By means of little deeper arguments than those used for
n prime, the following generalization of Theorem 3 is straightforwardly obtained.
Theorem 8. Let n and p be ﬁxed integers with p prime and p/|n; for each divisor d > 1 of n, let td be deﬁned
as above. The probability Prn, p that the determinant of a randommatrix in M
′
n, p is divisible by p is equal to
1 − ∏
d|n, d>1
(
1 − 1/ptd
)ϕ(d)/td
. (3)
Although Theorem 8 is quite easy to prove, the formula it gives for Prn, p is more complex than
that in the case n prime; however, there are particular pairs (n, p), with n composite, for which such
formula can be simpliﬁed.
Indeed, assume n, p are given such that all periods td (for d|n, d > 1) have the same value, say t: in
this case, replacing the td’s with t in expression (3) gives the equality Prn, p = 1 − (1 − 1/pt)(n−1)/t
(which is formally identical to the result, fornprime, of Theorem3). In particular,wehave the following
result.
Proposition 2. Fix n, p integers with p prime and p/|n.
• If p ≡ 1 (mod n), then Prn, p = 1 − (1 − 1/p)n−1;
• If gcd(n, p − 1) = 1 and the period t of p in Z∗n is prime, then Prn, p = 1 − (1 − 1/pt)(n−1)/t .
Using the case p ≡ 1 (mod n) of Proposition 2, we can derive the following generalization of
Theorem 4.
Theorem 9. Let k be a ﬁxed positive integer (not necessarily even). Consider two sequences of integers,
say (ni)i 1 and (pi)i 1, with all pi’s primes, satisfying (for each i 1) the equality pi = kni + 1. If
limi→∞ ni = ∞, then limi→∞ Prni , pi = 1 − e−1/k.
Using Theorem9 in the case k = 1we obtain that, if p is a sufﬁciently large prime, the frequency for
the relation p|Det(M) as M ranges in Mp−1 is quite close to 1 − 1/e, which is a value slightly greater
than 0.632.
4. Conclusions and further work
In this work we started from simple classical properties of ﬁnite ﬁelds, concerning the degree
of ﬁnite extensions of the primitive ﬁeld Zp (p prime) and the consequent factorization in Zp[x] of
polynomials of the form xn − 1, where p/|n. We have then applied such properties to the question of
prime divisors of Det(M), whereM is a random integer n × n circulant matrix.
In particular, we resorted to known formulas for Det(M) and to recent works on permanents and
determinants of circulants: using such tools and their relation with ﬁnite ﬁelds, we have analyzed in
detail the probability Prn, p with which a generic prime p (not dividing n) appears as a factor of Det(M)
when the sum of entries in an (arbitrary) row of M is assumed not to be a multiple of p. The main
qualitative remark which can be derived from the obtained numerical results, is that the smaller the
period of the class p (mod n) in Z∗n , the greater the probability Prn, p. In fact, the best primes p to
realize p|Det(M) are in general those satisfying p ≡ 1 (mod n), while (when n = qh or n = 2qh with
q an odd prime) the worst ones are those such that the class p (mod n) generates Z∗n .
We think that the relation between circulant matrices and speciﬁc branches of algebra (like for
example ﬁnite ﬁelds and algebraic number theory), is worth investigating. Actually in this work we
have just used quite simple tools related to ﬁnite ﬁelds, and in our opinion deeper relations might be
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found bymeans of an investigation involvingmore advanced tools in this sector of theoretical algebra.
On the other hand, such a further investigation on circulantsmay be interesting not only from a purely
theoretical viewpoint, since some circulants (for example, those just composed of 0’s and 1’s) can give
solutions to combinatorial problems involving ﬁnite sets.
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